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Heavy-ball (momentum) method
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0 HEKOTOPLIX CIIOCOBAX YCROPEHUA CXOJII/IMOCTI/I
I/ITEPAIIHOHHI)IX METOJIOB .

B. T. IIo.zmIc

AM ocnoa)

§ 2. llpumepbl, BBIYNCIMTEIHHBINA ACHEKT

PacemorpuM Temeps Gosee mogpo0HO HEKOTOpHE [(BYXIIArOBHIE METONEI
U NOKa)KeM, YTO OHHM JEeHMCTBUTEJbHO MAIT YCKOPEHWE CXOAHMOCTH IO CpaB-
HeHHIO C COOTBETCTBYIOIMME OJHOMIATOBHIMH. A IMEHHO, MBI H3y9IUM METOI

Tl = g — ocP (") + B (z ( — z™1) | 9)
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~ | a2 Cdr ., o |
S =0 =+ a,P (z). - (10)
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Nesterov’s acceleration
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k+1 _ k1 k—1. k k-1 k=1
X =x Vf(x +k+2(x X )) k+2(x ).
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HeTOYHOCTDb B rpaaneHTe n paHHASA OCTaHOBKA
min f(z),
19f () = Vf ()l < 6

IVf(y) = Vi(z)ll2 < Lijy — zl|2.
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[ pagueHTHble MeToObl B YCJ1IOBUAX
OTHOCUTEJIbHO HETOYHbIX NPaONEeHTOB

min f(),
[Vf(@) = Vi(@)ll2 < ol VF(@)ll2;
IVI(y) = VI(2)ll2 < Lily — z]|2.
f(x) — f(zs) < %HV f(z)||2, Yecnorne PL (Monska-Jloscnesnua)

1~ -
ohHL K Vf(:ltk) Ecnn BmecTo PL-ycnosus
L Ji-cnnbHas BbIMYKAOCTD

N 1 — a)? 1 -«
1) - @) < (1- 2872 (@) - @) Gar0(i55)

[MonAak B.T. BeegeHnune B ontummnsaumio. — M.: Hayka, 1983.
De Klerk E., Glineur F., Taylor A. B. On the worst-case complexity of the gradient method with exact line search for smooth strongly convex functions //

Optimization Letters. — 2017. - V. 11. - P. 1185-1199.
Vasin A. et al. Accelerated gradient methods with absolute and relative noise in the gradient // Optimization Methods and Software. — 2023. — P. 1-50.

v



YCKOpeHHble rpagueHTHble MeTOObl B YCJ1IOBUAX
OTHOCUTEJIbHO HETOYHbIX rPagnNeHTOB

min £ (z),

[V(z) = Vi)l < [ VF(2)]2,

IVf(y) = Vf(z)ll2 < Lily — z||2.

Ans nonyuetns yckopehHol cxoAUMOCTU B [-CUIbHO BbIMYkJIoM ciiyyae TPebyeTcs
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|_|O‘-IeMy eCTeCTBeHHO OTHOCHTEeJIbHAA HETOYHOCTDb

As descrbied 1n (Overton, 2001) the approximation error of
a positive real number x with floating-point numbers Z is
given by

z — z| < o]zl (1)

where 0 = 27P is called machine delta, and a precision p is
a number of bits used for the mantissa (or significant digits)
in the floating-point representation. Indeed, we can denote
a number 1n floating-point format as:

z=(-1)°B-2"Fo,

2
B = 1.bgb; ...b,, b; € {0,1}, s € {0,1}. )

We call machine delta ¢ such gap between 1 and next larger
floating point number. One can see, that 0 = 0.0...1 =
2P, Using notation from (Overton, 2001) we can define
unit in the last place function: ulp(Z) = 0.0...12% %o =
622 —Fo Note, that for positive floating-point numbers £,
value = + ulp(Z) will be next larger floating point number.



| NTaAKOCTb U CUNbHAA BbIMYKIOCTb

Assumption 2.1. f is L-smooth and u-strongly convex, 1.e.,
Vz,y € R?

fy) < f(@) +(Vf(@),y—2)+ 5lly—=z[3, @)
f(y) 2 f(@) +(Vf(@),y—=z)+ 5lly —z[3. (3)

We also make the following assumption about the inexact
gradients of the objective function f.



| MnoTe3a 0 HETOYHOCTU rpaguneHTa

Assumption 2.2 (Relative noise). We assume access to an
inexact gradient V f(z) of f with relative error, meaning
that there exists a € [0, 1), s.t.

[VF(z) = Vi) < al|VI(@)l2, Ve €RE (9)



CnepncTtBue npennosioXXeHna 2.2

Corollary 2.3. Assumption 2.2 for all o € |0, 1) implies
the following

VIVF@)l2 S [Vi(@)l2 < plVF ()2, (10)
(V(@), V(@) = vIVF@)20V @), (11)

where y=vV1—a?2,v=1—a,p=1+a.




YCKOpPEHHbIN MeTon

Algorithm 1 RE-AGM (Relative Error Accelerated Gradi-
ent Method).

3/2
: Set h = (—1_0‘) -

14+« L’

. Set u? = Zopart, 20 = U,

2

3

4

5: Set s =1+ 2a + 202,

6: Setm =1 — 201.

7: Setq = /L.

8: fork=0,..., N—1do

9:  Solve the quadratic equation

ma; + (s —m)ay — q =0,

and take the largest root, i.e.,

ag

:(m—s)+\/gs—m)2+4mq’ (12)

m

. k:_a,'u,"'—+—:z:"c
10 y* = k1+ak :

11: uF = (1 - ap)uF + apyF — 2V f(yF),
12: ¢t =9k — RV f(y¥).

13: end for

14: Output: zV.




YCKOpPEHHbIN MeTon

Algorithm 1 RE-AGM (Relative Error Accelerated Gradi-
ent Method).

1: Input: (L, u, Tstart, ).

_ 2: Seth = (%)3/2 L
Theorem 2.4. Let Assumption 2.1 hold. If Assumption 2.2 > :etL = HO‘)SLO 0
. 4: Set u’ = Zstart, T = U .
holds with o < , then Algorithm I with parame-  s: Sets=1+2a+ 242
18\/— L
6: Setm =1 — 2a.
ters (L, 5 ) 27 CY) generates iIIN, S. 1. 7: Setq = /L.
8: fork =0,..., N—1do
9:  Solve the quadratic equation
1 L N
2 — — —
f(a?N) o f* < LR2 1 =~ , ma; + (s —m)ar — q =0,
]-O \/§ L and take the largest root, i.e.,
m —8)+ /(s —m)? +4m
where R := ||z° — z*||». a = v Lo

2m

. k _ apuf42”
10: Y' = "ira.

11:  uftt = (1 — ap)u® + ary® — aﬁ%f(yk),
12: ¢t =9k — RV f(y").

13: end for

14: Output: z.




YCKOpPEHHbIN MeTon

Algorithm 1 RE-AGM (Relative Error Accelerated Gradi-
ent Method).

1: Input: (L, u, Tstart, ).

\3/2
Theorem 2.5. Let Assumptzon 2.1 hold. If Assumptzon 2.2 2 Seth=(i32) 1.
'y 5_ 3: Set L = (11+0‘)3L

holds with o = 3 (f) , where 0 < 5, then Algo- 4 Setw® — zor e, 20 — u0.

5. Set s = 1 + 2a + 2a2.
rithm 1 with parameters (L, & > 2V, ) generates z, s.t. 6: Setm =1 — 2a.

7: Setq = /L.

8: fork=0,..., N—1do

N 9:

1 % +T Solve the quadratic equation

N + 2 H

z')— f*<LR*|1 ( )

f( ) f ~ 10\/§ l ? mai+(s—m)ak—q:0,

and take the largest root, i.e.,
where R := ||z° — z*||».

— — 2 4
o — (m —s) ++/(s + mq, (12)
2m

. k _ apuf42”
10: Y' = "ira.

11:  uftt = (1 — ap)u® + ary® — aﬁ‘%f(yk),
12:  zFtl =gk — BV f(yF).

13: end for

14: Output: z.




YCKOpPEHHbIN MeTon

Remark 2.6. Substituting T =0and T = % we obtain Algorithm 1 RE-AGM (Relative Error Accelerated Gradi-
ent Method).

1: Input: (L, u, Tstart, ).

1. If'r=0andoz=l\/E then 3/2
3 ’ —a
2 Seth=(132)  +.
N T 14«
N 2
f(fE )_.f* <LR (1 10\/5@ . 4: Setuozxstart,xozuo-
5: Set s = 1+ 2a + 2a2.
This 1s the optimal convergence rate for the class of 3 2:: ;n’:ul/ I:, 2o
functions satisfying Assumption 2.1 meaning that for 8 for k — 0,.. N —1do
the error o up to %\/% our algorithm has optimal con- 9:  Solve the quadratic equation
vergence rate, and, hence optimal iteration complexity. ,
may, + (s —m)ax — q =0,
2. If r=1and a = 1, then
T=2 3 and take the largest root, i.e.,
N
f@N) = f* < LR (1— 2 _* o= MoV ompiddmg )
S 10v2L) am |
, , , . k _ apu®+a”
This convergence rate 1s the same as for gradient de- 10: yk+—1 Thae » ) N
scent meaning that for values of the error o up to % our 11w = (1= ap)u” +apy” — VYY),
algorithm still has linear convergence with the rate no 12: 2" =y* — hVf(y").

13: end for

worse than for the gradient descent. 14: Output: zV .




CepnnoBan 3agava o f(z,y)

Assumption 3.1. For given constants (i, by, Ly, Ly, Lyy)
that satisty 0 < py < Lz, 0 < py < Ly, Lgyy = 0, we
say that a differentiable function f (z,y) : R% x R% —
R is (py, py)-strong-convex-strong-concave (SCSC) and
has (L., L,,, L, )-Lipschitz gradients (i.e., belongs to the
class of functions denoted as S, .. L, L., ) 1If VZ, 0, z! €
R%,y,3°,y" € R%

f (+,y) : po — strongly convex,

f (z,-) : p, — strongly concave,
Vof(@'y) = Vaf(@°,y)ll2 < La|lz* — 2%z,
Vyf(@,y") = Vyf(@,9°)l2 < Lylly" — 9 2,
Vof(@,y") = Vaf(z,y°)ll2 < Laylly” — 4°|l2,
Vyf(z',y) = Vyf(z,y)ll2, < Layllz” —2°2.




CepnnoBana 3anava

We use the following additional notation that com-
bines partial gradients into one operator: g.(z) =

[gw(z)Ta_gy(z)T]T where g.(z) = Vaf(2), gy(2) =
V,f(z),and z =[z",y"]".

Assumption 3.2. We say that convex-concave function
F(zx,y) is a composite with bilinear coupling (i.e. belongs
to the class of functions denoted as K, ,, r.r,L.,) 1f there
exist such f(x): u,-strongly-convex with L, -Lipschitz gra-
dient, g(y): w,-strongly-convex with L, -Lipschitz gradient
and matrix A with largest singular value bounded by L,
such that

F(z,y) = f(z) +y' Az — g(y).



CepnnoBana 3anava

Assumption 3.3. We say that convex-concave function
f(z,y) has p-strongly-monotone, L-Lipschitz gradient (i.e.
belongs to the class of functions denoted as S, 1) if for
V20, 21 € R4

(92(2") — g.(2°), 2" — 2°)
ng(zl) — gz(ZO)H2

pllz" = 2|2,

NV

LHz1 — zOHg.

We also assume that an algorithm can use inexact partial gra-
dients V, f(z,y) and V,, f(z, y) that satisfy the following
inequality for some o € [0, 1)

|V f(@,y)—Vaf (@ )3+ Vyf(z,y)—Vy f(,y)]3
<o (|Vaf(z, vz + IV f(z,y)l3) -



CepnnoBana 3anava

min max L
meRdm yERdy f( y)

Algorithm 2 Inexact S1im-GDA.

1 Iﬂp“t (33 — xstart, y — ystart, 77337 T]y)
2: fork=1,...,Ndo

3.zt = CB — TNz Vv a:f( y®),
4: Yyttt =9y" 4+, yf( y Y k)
5: end for

6: Output: 2"




CepnnoBana 3anava

HllIl I1la €I
Jin max f(z,y)

Algorithm 3 Inexact Alt-GDA.

1: Input: (a:O — Lstart yO — Ystarty Tz 77y)
2: fork=1,...,Ndo

3: $k+1—33 — Nz v a:f( y®),
4 Y =y 4,V f(z i Y°).
5: end for

6: Output: 2"




CepnnoBana 3anava

Consider convex-concave functions with p-strongly-
monotone, L-Lipschitz gradients, 1.e. functions that belong
to S, .. We can guarantee the following iteration complex-
ity for Inexact Sim-GDA.

Theorem 3.4. Let Inexact Sim-GDA Algorithm 2 be applied
to Problem (S) with | € S,, 1, (Assumption 3.3). Then, the
sequence 2" generated by this algorithm linearly converges
to the saddle point z*. Moreover, the iteration complexity is

~ (L? 1
) ’ Theorem 3.5. There exists such function f € S, 1 (As-
“’2 (]_ — ol / p,) 2 sumption 3.3) with d,, = d,, = 1 such that Inexact Sim-GDA
with any constant step size 1) loses linear convergence when

] . . ]
where we omit logarithmic factors. a2



CepnnoBana 3anava

For exact Sim-GDA on S, ,, .1, L., (Lee et al., 2024)
obtained an iteration complexity estimate

L, L L?
ol —+—2L+—
Hae My  Hzly

Theorem 3.6. Consider f € S,,1LL,, (Assumption 3.1).
Inexact Sim-GDA retains linear convergence if

2
2 pul 2 f Lwy
case Lwy<7. a((l—l—a) +a)<2L 572’
2 ple 2 p
case L, > - a((l+a)+a)< 8L2,



PelweHne HeNMHENHbIX YpaBHEHUIA

Assumption 4.1. For given constants (u, L) that satisfy
0 < pu < L, we say that an operator g (2) : R? — R% is
u-quasi-strongly-monotone (QSM) and L-Lipschitz (i.e.,

g (Z ) — O belongs to the class denoted as S, 1) if Vz,y € R the
following holds

lg(z) —g(v)|| < Lljlz =y, (14)

19(2) — g(2)ll2 < allg(2)]l2

(g(z),z — z*) > pllz — z*||%. (15)



PelweHne HeNMHENHbIX YpaBHEHUIA

Algorithm 4 Inexact ExtraGradient Method (EG).

. . (L0
1 e Input‘ (Z — < starts 77) . Theorem 4.2. For g € S, 1, (Assumption 4.1), Ja: o =
2: fork=1,..., N do i e
3 ZMHL2 = Z’“ —ng(2*),

. k4+1 _ k+1/2
4 2z — ng(zF*t1/2).
5: end for

6: Output: 2"V




Y1 CNeHHble 3KCNEPUMEHTHI
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Figure 1. PEP comparison RE-AGM (left) and STM (right), Figure 2. PEP comparison RE-AGM (left) and STM (right),
L =100, = 0.01 L = 1000, x = 0.001



[lpymep ookasaTenbCcTBa HUXKHEN OLIEHKW

Theorem 3.5 There exists such function f € S,, 1, (Assumption 3.3) with d, = d,, = 1 such that inexact Sim-GDA with any
constant step size 1) loses linear convergence when o > .

Proof of Theorem 3.5. Consider function

€ €
F(z,y) = 5332 + Ty — 53/2,

where € > (0. We make one step of exact S1m-GDA:

pFHl = gk _ (yk n Ewk)
k+ k

y T =yF +n (2" - ey”),

and introduce operator g(z*, y*) = [(y"c +ex®) ", (—xF + ey’“)T] '

k+1

R =2k —ng(z, y*).



[lpymep ookasaTenbCcTBa HUXKHEN OLIEHKW

The operator g is u-strongly-monotone and L-Lipshitz with 4 = € and L = v/1 + €2. Let g(z*, *) be a disturbed value of
g in (z*,y*). Then

L
lg(=", ")l = gz, 4™,

lg(z*,4*) — Ga*, 4¥) | = e/ (@9)2 + (49)2 < —— =1

h V1 + €2

which means that g satisfies relative inexactness definition with o = Z. A step of inexact Sim-GDA with disturbed g leads
to

k+1

z" = 2® —ny”,

ol — gk gk

For any n > 0:

and we have divergence.




